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COMPUTING THE GYSIN MAP USING FIXED POINTS 


LORING W. TU 


Abstract. The Gysin map of a map between compact oriented manifolds is the map in co¬ 
homology induced by the push-forward map in homology. In enumerative algebraic geometry, 
formulas for the Gysin map of a flag bundle play a vital role. These formulas are usually proven 
by algebraic or combinatorial means. This article shows how the localization formula in equi- 
variant cohomology provides a systematic method for calculating the Gysin homomorphism in 
the ordinary cohomology of a fiber bundle. As examples, we recover classical pushforward for¬ 
mulas for generalized flag bundles. Our method extends the classical formulas to fiber bundles 
with equivariantly formal fibers. 


In enumerative algebraic geometry, to count the number of objects satisfying a set of condi¬ 
tions, one method is to represent the objects satisfying each condition by cycles in a parameter 
space M and then to compute the intersection of these cycles in M. When the parameter space 
M is a compact oriented manifold, by Poincare duality, the intersection of cycles can be calcu¬ 
lated as a product of classes in the rational cohomology ring. Sometimes, a cycle B in M is the 
image /(A) of a cycle A in another compact oriented manifold E under a map f:E^M. In 
this case the homology class [B] of B is the image /* [A] of the homology class of A under the 
induced map /* : —)■ H^{M) in homology, and the Poincare dual T]b of B is the image of 

the Poincare dual Ba of A under the map H*{E) —> H*{M) in cohomology corresponding to 
the induced map /* in homology. This map in cohomology, also denoted by /*, is called the 
Gysin map, the Gysin homomorphism, or the pushforward map in cohomology. It is defined 
by the commutative diagram 


^ P.D. 


P.D. 
He-k{E) 


f* 


where e and m are the dimensions of E and M respectively and the vertical maps are the 
Poincare duality isomorphisms. The calculation of the Gysin map for various flag bundles 
plays an important role in enumerative algebraic geometry, for example in determining the 
cohomology classes of degeneracy loci ( fT2\ . ifT^ . ifTSl . and ifT^ Ch. 14]). Other applications 
of the Gysin map, for example, to the computation of Thom polynomials associated to Thom- 
Boardman singularities and to the computation of the dual cohomology classes of bundles of 
Schubert varieties, may be found in lfT2l . 
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The case of a projective bundle associated to a vector bundle is classical HI Eq. 4.3, p. 318]. 
Pushforward formulas for a Grassmann bundle and for a complete flag bundle are described 
in Pragacz ll2^ Lem. 2.5 and 2.6] and Fulton and Pragacz |[T4l Section 4.1]. For a connected 
reductive group G with a Borel subgroup B and a parabolic subgroup P containing B, Akyildiz 
and Carrell found a pushforward formula for the map G/B ^ G/P. For a nonsingular G- 
variety X such that X —)• A/G is a principal G-bundle, Brion f8] proved using representation 
theory a pushforward formula for the flag bundle X/B ^ X/P. 

The pushforward map for a fiber bundle makes sense more generally even if E and M are 
not manifolds (IH §8] or flOll l: for example, E and M may be only CW-complexes, so long 
as the fiber F is a compact oriented manifold. For G a compact connected Lie group, T a 
maximal torus, and BG, BT their respective classifying spaces, Borel and Hirzebruch found in 
im Th. 20.3, p. 316] a pushforward formula for the universal bundle BT —> BG with fiber G/T. 

Unless otherwise specified, by cohomology we will mean singular cohomology with rational 
coefficients. A G-space E is said to be equivariantly formal if the canonical restriction map 
EIq{E) H*{E) from its equivariant cohomology to its ordinary cohomology is surjective. 
The main result of this paper. Theorem |5l shows that if the fiber F of a fiber bundle F —> M is 
an equivariantly formal manifold and has finite-dimensional cohomology, then the Gysin map 
of the fiber bundle can be computed from the equivariant localization formula of Atiyah-Bott- 
Berline-Vergne for a torus action (lO, [4]). This provides a systematic method for calculating 
the Gysin map. In particular, we recover all the pushforward formulas mentioned above, but in 
the differentiable category instead of the algebraic category. 

Equivariant formality describes a large class of G-manifolds whose equivariant cohomology 
behaves nicely ifTTl note 5, pp. 185-186]. These manifolds include all those whose cohomology 
vanishes in odd degrees. In particular, a homogeneous space G/H, where G is a compact Lie 
group and H a closed subgroup of maximal rank, is equivariantly formal. 

In fact, the technique of this article applies more generally to fiber bundles whose fibers 
are not equivariantly formal. Let Eg be the homotopy quotient of the space F by the group 
G and n: Eg ^ BG the associated fiber bundle with fiber F. For any fiber bundle f\E^M 
with fiber F and structure group G, there is a bundle map from the bundle F —>• M to the 
bundle Eg —> BG. We say that a class in E[* (F) is an equivariant fiber class if it is in the image 
of h* : Hq{E) —> //*(F). In Theorem 0 we compute the pushforward of an equivariant fiber 
class of any fiber bundle f\E^M such that the pullback f*: H*{M) H*{E) is injective. 

Using the residue symbol, Damon in ifTTI computed the Gysin map for classical flag bundles, 
fiber bundles whose fibers are flag manifolds of the classical compact groups 0{n), U(n), and 
Sp(n). Since these flag manifolds are equivariantly formal, our Theorem |3]includes these cases, 
although in a different form. In Section [TT] we work out the case of U(n) as an example. 

The pushforward formula in Theorem |5] suggests a geometric interpretation and a gener¬ 
alization of certain symmetrizing constructions in algebra. To every compact connected Lie 
group G of rank n and closed subgroup H of maximal rank, we associate a symmetrizing op¬ 
erator on the polynomial ring in n variables. When G is the unitary group U (n) and H is the 
parabolic subgroup U(k) x\J{n — k) or the maximal torus U(l) x ••• xU(l) (n times), this 
construction specializes to the Lagrange-Sylvester symmetrizer and the Jacobi symmetrizer of 
interpolation theory respectively. 
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This article computes the Gy sin map of a fiber bundle with equivariantly formal fibers. In 
fhe companion article we compufe fhe Gy sin map of a G-equivarianf map for a compacf 
connected Lie group G. 

If is a pleasure fo acknowledge fhe supporf of fhe Tuffs Faculfy Research Award Commiffee 
in 2007-2008 and fhe hospifalify of fhe Insfifuf Henri Poincare, fhe Universife de Lille, and fhe 
Insfifuf de Mafhemafiques de Jussieu. I fhank Michel Brion for explaining his work and for 
generously sharing some key ideas wifh me, and Jeffrey D. Carlson for careful proofreading 
and valuable feedback. 


1. Universal Fiber Bundles 

We work in fhe confinuous category unfil Section [5l af which poinf we will swifch fo fhe 
smoofh category. In fhis section, G is a topological group and /: F —> M is a confinuous fiber 
bundle wifh fiber F and sfrucfure group G. This means G acfs on F on fhe leff and fhere is a 
principal G-bundle P such fhaf F —> M is fhe associafed fiber bundle P XqF ^ M. Recall 

fhaf fhe mixing space P is fhe quofienf of P x P by fhe diagonal action of G\ 

g-{p,x) = {pg^\gx) for (p,x) G P X P and g G G. (1.1) 

We denote fhe equivalence class of {p,x) by [p,x]. 

Lef PG —7> BG be fhe universal principal G-bundle. One can form fhe associafed fiber bundle 
71: EGxqF ^ BG. The space P^ : = PG x^P is called fhe homotopy quotient of P by G, and 
ifs cohomology H*{Fg) is by definition fhe equivariant cohomology FIq{F) of fhe G-space P. 
The following lemma shows fhaf fhe bundle Ti: Pg —)• BG can serve as a universal fiber bundle 
wifh fiber P and sfrucfure group G. 

Lemma 1. For any fiber bundle f:E^M with fiber F and structure group G, there is a 
bundle map (h,h)from f: E ^ M to u : Fq ^ BG such that the bundle E is isomorphic to the 
pullback bundle h*{EG). 

Proof. The classifying map h of fhe principal bundle P ^ M m fhe diagram 

P-^PG 


M - ^BG 

h. 

induces a map of fiber bundles 

E = P xgE EG XgE = Eg 


M - ^BG. 

h 

Recall fhaf fhe fiber product over a space B of fwo maps a: M ^ B and jS : A —> P is 

M XbN := {{x,y) G M x N \ a{x) = fiiy)} 

and fhaf fhe fofal space of fhe pullback fo M of a bundle ■. N ^ B via a map a: M —> P is 
a*N := M XbN. If A is a righf G-space for some topological group G, fhen so is fhe fiber 
producf M XbN, wifh {m,n)g = {m,ng) for {m,n) gM XbN and g G G. 
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Since the principal bundle P is isomorphic to the pullback if {EG) of EG by h, it is easily 
verified that E is isomorphic to the pullback if{E(}) of Eq by ir. 

E = P XgE ~ h*{EG) XgE = (M XbgEG) XgE 
c:^Mxbg (eg XgE) =MxbgFg = !i*{Eg). 

(In the computation above, the notation x bg denotes the fiber product and the notation x g 
denotes the mixing construction, and the isomorphism 

{M XbgEG) XgE M Xbg (EG XgE) 


is given by 

[im,e),x] i —^ {m,[e,x]) 

for m € M, c € SG, and V G F.) □ 

2. Equivariant Formality 

Let G be a topological group acting on a topological space X, and Xg the homotopy quotient 
of X by G. Since Xg fibers over the classifying space BG with fiber X, there is an inclusion 
map X ^ Xg and correspondingly a restriction homomorphism H^{X) H*{X) in cohomol¬ 

ogy. As stated in the introduction, the G-space X is defined to be equivariantly formal if this 
homomorphism Hq{X) H*{X) is surjective; in this case, we also say that every cohomology 
class on X has an equivariant extension. 

The following proposition gives a large class of equivariantly formal spaces. 

Proposition 2. Let G be a connected Lie group. A G-space X whose cohomology vanishes in 
odd degrees is equivariantly formal. 


Proof. By the homotopy exact sequence of the fiber bundle EG ^ BG wifh fiber G, fhe con¬ 
nectedness of G implies that BG is simply connected. Since Xg —> BG is a fiber bundle with 
fiber X over a simply connected base space, the F 2 -term of the spectral sequence of the fiber 
bundle Xg BG is the tensor product 

EP'‘^ = HP {BG) (^qH‘^{X) 

(see Th. 15.11]). Recall that the cohomology ring H*{BG) is a subring of a polynomial 
ring with even-degree generators ll2^ §4]. Thus, HP{BG) = 0 for all odd p. Together with 
the hypothesis that (A) = 0 for all odd q, this means that the odd columns and odd rows of 
the Fr-terms will be zero for all r. For r even, dr : Ef’^ changes the row parity 

(moves from an odd row to an even row and vice versa); for r odd, dr changes the column 
parity. Thus, all the differentials dr for r > 2 vanish, so the spectral sequence degenerates at 
the F 2 -term and additively 

H*g{X)= H*{Xg) =E^ = E2 = H*{BG) 0qH*{X). 

This shows that H^{X) H*{X) is surjective, so X is equivariantly formal; in fact, for any 

a G H*{X), the element 1 (g) a G H*{BG) 0qH*{X) = Hq{X) maps to a. □ 
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3. Fiber Bundles with Equivariantly Formal Fibers 

In this section we compute the cohomology ring with rational coefficients of the total space 
of a fiber bundle with equivariantly formal fibers. We assume tacitly that all spaces have a 
basepoint and that all maps are basepoint-preserving. By the fiber of a fiber bundle over a 
space M, we mean the fiber above fhe basepoint of M. 

For any continuous fiber bundle f:E^M with fiber F and group G, the diagram (11.21) 
induces a commutative diagram of ring homomorphisms 

H*{E) H^[F) 

/* n* 

Thus, both cohomology rings H*{M) and H^{F) are //*(BG)-algebras, and we can form their 
tensor product over H*{BG). 

Theorem 3. Let f \ E ^ M be a continuous fiber bundle with fiber F and structure group G. 
Suppose F is equivariantly formal and its cohomology ring H*{F) is finite-dimensional. Then 

(i) there is a ring isomorphism 

(p:H*{M)®H*iBG)H*G{F)^H*{E), (3.1) 

I—)• {f*a)h*b\ 

(ii) the pullback map f *: H*{M) —)• H*{E) is injective. 

Proof, (i) Because E is isomorphic to the pullback h*{FG) of Fq, the map h: E ^ Fq maps the 
fiber F of F isomorphically to the fiber of Fg. Hence, the inclusion map of the fiber, F —> Fq, 
factors as 

F ^e\Fg. 

This means that in cohomology, the restriction map H*{Fg) —> H*{F) factors through h*: 

H^{F)^H*{E)^H*{F). 

Since the restriction Hq{F) H*{F) is surjective by the hypothesis of equivariant formal¬ 
ity, there are classes bi,...,br in Hq{F) that restrict to a basis for H*{F). Then h*b\,..., 
h*br are classes in H*{E) that restrict to a basis for H*{F). By the Feray-Hirsch theorem 
(im Th. 5.11 and Exercise 15.12] or lIT^ Th. 4D.1, p. 432]), the cohomology H*{E) is a free 
//*(M)-module with basis h*bi ,... ,h*br. 

Next consider the fiber bundle Fg —> BG. By the Feray-Hirsch theorem again, H*{Fg) is a 
free //*(BG)-module of rank r with basis b\,... ,br. It then follows that H*{M) '^h*{bg) ^g(^) 
is a free //*(M)-module of rank r with basis 1 0 ,.. ., 1 (g) The ring homomorphism cp in 

(13.11) is a homomorphism of free //*(M)-modules of the same rank. Moreover, cp sends the 
basis 1 0 ,..., 1 0 fir to the basis h*bi ,..., h*br, so tp is an isomorphism. 

(ii) If {ai} is a basis for H*{M), then {a, 0 1} is part of a basis for H*{M) ^h*(bg) ^g(^) — 
H*{E). Hence, f* : H*{M) H*{E) is injective. □ 
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Let h\ E ^ Fq he. 2 l map that covers the classifying map h: M ^ BG of the fiber bundle 
f-.E^M. By Theorem [3l a cohomology class in H*{E) is a finite linear combination of 
elements of the form {f*a)h*b, with a E H*{M) and b E Hq{F). Under the hypothesis that the 
fiber is a compact oriented manifold, by the projection formula Prop. 6.15], 

f^{{f*a)h*b) =af^h*b. 

Hence, to describe the pushforward /*: H*{E) H*{M), it suffices to describe /* on the 

image of h*: Hq{F) —> H*{E). Since f *: H*{M) —)■ H*{E) is an injection, it is in turn enough 
to give a formula for for b E Hq{F). This is what we will do in Section[5l 


4. The Relation between G-Equivariant Cohomology and T-Equivariant 

Cohomology 

In the next two sections, let G be a compact connected Eie group acting on a manifold F 
and T a maximal torus in G. Denote the normalizer of T in G by Ng{T). The Weyl group of 
r in G is the quotient group W := Ng{T)/T . It is a finite reflection group. The equivalence 
class in W of an element w E Ng{T) should be denoted [w], but in practice we use w to denote 
both an element of Ng{T) and its class in W. In a finite reflection group, every element w is a 
product of reflections and has a well-defined length length(w), the minimal number of factors 
of w when expressed as a product of reflections. We define the sign of an element w to be 

!•_ ._ ^_|yength(H')_ 

The diagonal action of G on EG x f in (11.11) may be written on the right as 

{e,x)g = {eg,g^'^x) for {e,x) e EG xF and g eG. 

Since EG = FT, this action induces an action of the Weyl group W on the homotopy quotient 
Ft=ET XtF = {ETxF)/T: 

{e,x)T • w = {e,x)wT for {e,x)T E Fj and w GW. 

(In general, if a Eie group G containing a torus T acts on the right on a space Y, then the Weyl 
group W acts on the right on the orbit space Y/T.) It follows that there is an induced action 
of W on Hj{F). Again because EG = FT, there is a natural projection j\ Fj ^ Fg- As ex¬ 
plained in lIMl Lemma 4], since j: Fj ^ Fg is a fiber bundle with fiber G/T, the induced map 
7 *: Hq{F) Hj{F) identifies the G-equivariant cohomology Hq{F) with the W-invariant 
elements of the T-equivariant cohomology FIj{F). In particular, j* is an injection. 

Eor a torus T of dimension I, the cohomology of its classifying space BT is the polynomial 
ring 

H*{BT)c^q[ui,...,ui\ (4.1) 

(see ll24l §1]), and H*{BG) is the subring of W-invariants: 

= H*{BG) ~ Q[ni,... , utf. (4.2) 


5. Pushforward Eormula 

In this section, G is a compact connected Lie group acting on a compact oriented manifold 
F, and f\E^MnC’“ fiber bundle with fiber F and structure group G. Let T be a maximal 
torus in G. The action of G on the fiber F restricts to an action of T on F. Eor simplicity 
we assume for now that the fixed point set of the E-action on E consists of isolated fixed 
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points. (Note that is the fixed point set of T on F, while Fj is the homotopy quotient of F 
by r.) For a fixed poinf p € f lef /p: {/?}—)• F be fhe inclusion map and 

fhe resfricfion map in equivarianf cohomology. The normal bundle Vp of {p} in F is simply fhe 
fangenf space TpF over fhe singleton space {p}. Since fhe forus T acfs on TpF, fhe normal 
bundle Vp is a F-equivarianf orienfed vecfor bundle. As such, if has an equivarianf Euler 
class (Vp) € H*{BT), which is simply fhe usual Euler class of fhe induced vector bundle 
of homotopy quofienfs {Vp)T —> {p}t = BT. At an isolated fixed poinf of a forus action, fhe 
equivarianf Euler class e^{Vp) of fhe normal bundle is nonzero and is Iherefore invertible in fhe 
fraction field of fhe polynomial ring H*{BT) (see l|3l pp. 8-9]). Eor b € Hp{F), fhe fraction 
{i*pb)/[Vp) is in fhe fraction field of H*{BT). 

Lemma 4. Let 7i: F ^pt be the constant map, Tic - Fq^ pfj^ = BG the induced map of homo¬ 
topy quotients, and 71* = TIq: ^^(pt) —> Hq{F) the induced map in G-equivariant cohomology. 
If F has a fixed point p, then K* is injective. 


Proof. Eef i: pf —> F send fhe basepoinf pf fo fhe fixed poinf p. Then i is a G-equivarianf map 
and 71 o i = id. If follows fhaf i* o tt* = id on //^(pf). Hence, K* is injective. □ 

Keeping fhe nofafions of Sections [3] and |4l we lef /i: F — Fq be a map fhaf covers a classi¬ 
fying map as in (11.21) and j\ Fj ^ Fq the natural projection. 

Theorem 5. Let f:E^Mbea smooth fiber bundle with fiber F and structure group G. 
Let T be a maximal torus in G. Suppose F is a compact oriented equivariantly formal mani¬ 
fold and T acts on F with isolated fixed points. Then for b E Hq(F), the rational expression 
2^pgpr(/p7*f7)/e^(Vp) is in pushforward map /*: H*{E) H*{M) is com¬ 

pletely specified by the formula 

f*fXb = h*7i* X (5.1) 

pt^r e^{Vp) 

where the sum runs over all fixed points p of the torus T on E, and 7i* '.= TIq is the canonical 
map H*{BG) —)> Hq{E). (See diagram (15.41 ) below for how the various maps fit together.) 

Remark. A priori, {i*pj*b)/e^ (Vp) is a rational expression in mi ,..., (see (14.11) 1. However, it 
is part of the theorem that the sum i'^p) fact a VF-invariant polynomial in 

u\,... ,ui, and hence is in//^(pt). 


Proof of Theorem^ Eor any G-space X, there is a natural projection Xj 
quotients. Hence, there is a commutative diagram 


> Xq of homotopy 


Eg 


- Ej 


BG = pt(; 


ptp = BT. 


(5.2) 
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We append this commutative diagram to the commutative diagram arising from the classifying 
map of the fiber bundle £ —)• M: 


lL - PQ ■< - rj 

f 

M -^ BG ^- BT. 

h 


(5.3) 


By the push-pull formula (||5l Prop. 8.3] or ifTOl Lem. 1.5]), this diagram induces a commutative 
diagram in cohomology 


H*{E) 


H* (M) H* (BG) c-^ H* (BT ), 


(5.4) 


where the two horizontal maps on the right are injections by the discussion of Section |4] and, 
to simplify the notation, we write 71* for . Thus, for beH*{F), 

fXb = h*n,b = h*n^J*b. (5.5) 

By the equivariant localization theorem for a torus action (|[3], [4]), 

^TJ*b= V eH*{BT). 

(The calculation is done in the fraction field of H*{BT), buf fhe equivarianf localization fhe- 
orem guaranfees fhaf fhe sum is in H*{BT).) By fhe commufafivify of fhe second square in 
(El, K^J*beH*{BG). 

Taking /* of bofh sides of (15.51 ). we obfain 


rf,h*b=rh*K,j*b 

= h*K*K,J*b 



6. Generalizations of the Theorem 

On fhe fofal space £" of a fiber bundle f:E^M wifh fiber F and sfrucfure group G, fhere are 
fwo special fypes of cohomology classes: (i) fhe pullback f*a of a class a from fhe base, and 
(ii) fhe pullback h*b of a class b from fhe universal bundle Fq in fhe commutative diagram (11.21 ). 
The first type is usually called a basic class. For lack of a better term, we will call the second 
type an equivariant fiber class. According to Theorem |3j if the fiber F of fhe fiber bundle 
is equivarianfly formal and has finife-dimensional cohomology, fhen every cohomology class 
on £■ is a finife linear combinafion of producfs of basic classes wifh equivarianf fiber classes. 
Therefore, by fhe projection formula, fo describe fhe pushforward map /*: H^{E) —)> 
if suffices fo describe fhe pushforward fi{h*b) of an equivarianf fiber class h*b. 
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While the hypothesis of equivariant formality is essential to describe completely the Gysin 
map in Theorem [5l a closer examination reveals that it is not needed for formula (15.11) to hold. 
In fact, formula (15.11) holds for any smooth fiber bundle, with no hypotheses on the fiber. In 
case f* : H*{M) —)• H*{E) is injective, as in Theorem^ formula (15.11) determines f^{h*b) and 
gives a pushforward formula for the equivariant fiber class h*b. We state the conclusion of this 
discussion in the following theorem. 


Theorem 6. Let f: E ^ M be a smooth fiber bundle with fiber F and structure group G. 
Suppose a maximal torus T in G acts on F with isolated fixed points. Then for b G Hq(F), 


f*f^h*b = h*Ti* £ 


ilfb 


peF^ 




In case the pullback f* H* (M) —)■ H* (E) is injective, this formula determines the pushforward 
f,t{h*b) of the equivariant fiber class h*b ofE. 


If the fixed points of the T -action on the fiber F are not isolated. Theorem |5] still holds 
provided one replaces the sum over the isolated fixed points with the sum of integrals over the 
components of the fixed point set, 

y f 

cJce^{vc)' 

where C runs over the components of F^, ic'. C —> M is the inclusion map, and Vc is the 
normal bundle to C in M. The Euler class e'^{vc) is nonzero Q, essentially because in the 
normal direction T has no fixed vectors, so that the representation of T on the normal space at 
any point has no trivial summand. 

Although the formula in Theorem |5] looks forbidding, it is actually quite computable. In the 
rest of the paper, we will show how to derive various pushforward formulas in the literature 
from Theorem |5] 


7. The Equivariant Cohomology of a Complete Elag Manifold 

In order to apply Theorem|5]to a flag bundle, we need to recall a few facts from ll^ about the 
ordinary and equivariant cohomology of a complete flag manifold G/T, where G is a compact 
connected Eie group and T a maximal torus in G. 

A character of a torus T is a multiplicative homomorphism 7 : T —> C^, where is the 
multiplicative group of nonzero complex numbers. If we identify with the general linear 
group GE(1,C), then a character is a 1-dimensional complex representation of T . Eet T be the 
group of characters of T, written additively: if a,j 8 G T and t gT, then we write 

t^ ■.= a{t) and := a(f)j 8 (f). 

Suppose X —)> X/r is a principal T-bundle. To each character 7 of T, one associates a 
complex line bundle L(X/r, 7 ) on X/T by the mixing construction 

L(X/r, 7 ) :=X XyC := (X x C)/r, 

where T acts on X x C by 

{x,v)-t = (xf,7(r^)v). 

Associated to a compact connected Eie group G and a maximal torus T in G are two princi¬ 
pal T -bundles: the principal T -bundle G ^GjT on G/T and the universal T -bundle FT ^ BT 
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on the classifying space BT . Thus, each character 7 : T —> gives rise, by the mixing con¬ 

struction, to a complex line bundle 

Ly:=L{G/T,y) = GxyC, 

on G/T and a complex line bundle 

Sy-=L{BT,Y)=ET XyC 

on BT. 

The Weyl group IT of T in G acts on the character group T of T by 

(w • Y){t) = 7(w^'tw). 

If the Lie group G acts on the right on a space X, then the Weyl group W acts on the right on 
the orbit space X/T by 

r„{xT) = {xT)w =xwT. 

This action of IT on X /T induces an action of IT on the cohomology ring H*{X/T). Moreover, 
for w € IT and 7 € f. 




f — S^v.y 


(see 11241 Prop. 1]). 

Fix a basis Xi, ■ ■ ■ ■,Ze for the character group T, and let 

Yi = Cl {L^_) € H^{G/T) and u; = cj (S^^) € H^{BT) 
be the first Chern classes of the line bundles L^,. and S^,. on G/T and on BT respectively. Then 

H*{BT) = Q[ui,...,Ui]. 

The Weyl group IT acts on the polynomial ring (Q[mi ,..., by 

WM, = WCl(%.) =Cl(Sw.;t,). 

It acts on the polynomial ring /? : = Q[yi,... , 7 ^] in the same way. The cohomology ring of G/T 


IS 




H*{G/T) = Q[yi,...,ye]/{Rlj, 
where (/?+) is the ideal generated by the homogeneous IT-invariant polynomials of positive 
degree in R (see Il24l Th. 5]). Since the cohomology of G/T has only even-degree elements, 
by Proposition |2] the space G/T is equivariantly formal under the action of any connected Lie 
group. 

Consider the fiber bundle {G/T)t —> BT with fiber G/T. Since G/T is equivariantly formal 
and has finite-dimensional cohomology, by Theorem [3l there is a ring isomorphism 

(p: H*{BT)®H>{BG)tl*G{G/T)^H*j{G/T), 

{7l/a)j*b. 


Now 

Thus, 


{G/T)g = EG Xg{G/T) ~ (EG)/T = BT. 


(7.1) 


H*c{G/T)cxH*{BT) = Q[ui,...,Uf\- 

It is customary to denote (p{ui < 8 ) 1) = Tljiu/) € E[j{G/T) also by but we will write 

yi = (p(l(8)Mi) =/(«;) eH/{G/T). 
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Then the T-equivariant cohomology oiG/T may also be written in the form 

where S is the ideal generated by p(y) — p{u) as p runs over the invariant polynomials of 
positive degree in i variables Th. 11]. Since j* : Hq{G/T) Hj{G/T) is a ring homo¬ 
morphism, we have 

j*b{u) =b{yi,...,y() =-.b{y). (7.2) 

The maximal torus T acts on G/T by left multiplication, and the fixed point set is precisely 
the Weyl group W = Ng{T)/T . At a fixed point >v G VT, we have the following two formulas: 

(i) (Restriction formula for G/T) Prop. 10] The restriction homomorphism 

C: H*j{G/T)^H*j{{w}) c^H*{BT) 

is given by 

ilUi = Ui, = 

(ii) (Euler class formula) E^ Prop. 13] The equivariant Euler class of the normal bundle 
Vw at the fixed point w G IT is 

e\v„)=w-[ n Cl(5a)) =(-1)"' n ci{Sa)eH*{BT), 

\a€A+ / a 6 A+ 

where A+ is a choice of positive roots of the adjoint representation of T on the com¬ 
plexified Eie algebra of G. 


8. Complete Elag Bundles 

In this section G is a compact connected Eie group with maximal torus T, and /: E ^ M is 
a fiber bundle with fiber G/T and structure group G. Eet X ^ Mhe. the associated principal 
G-bundle. Then 

E=AxG(G/r)~x/r 

and M ~ X/G, so the given bundle is isomorphic ioX/T -^X/G. 

With F = G/T in the commutative diagram (15.31) . yielding 


E^^{G/T)g-^{G/T)t 

f 

M -^ BG ^ - BT, 

u ’ 


( 8 . 1 ) 


we see that the equivariant fiber classes on E are of the form h*b{u), where 
b{u) = b{ui,...,ue)e H*c{G/T) ~ H\BT) = Q[ui,...,ue]. 

Theorem 7. Eor b{u) G H*{BT) ~ Hq(G/T), the pushforward ofh*b{u) under f is given by 


ffXb{u)=h* X w- 


b{u) 


na6A+ Cl (5o 


= h* 


na6A+ Cl (5a) 
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Proof. Because G/T is equivariantly formal, Theorem |5] applies. Under the action of T on 
G/T by left multiplication, the fixed point set is the Weyl group W = Ng{T)/T C G/T, so in 
Theorem m = W, a finite set, and 


ruh*b{u)=h*%* £ 

w€W 


CfHu) 

e^{v„) 


= h*Tl* £ 


wew' 


"My) 

^(Vw) 


(by (El) 



naGA+ <-1 i^a) J 

(by the restriction and Euler class formulas) 


V naeA+^1 (*^a) / 

In the last line we have omitted Ti* because it is injective (Lemma H, so that H*{BG) can be 
identified with a subring of (G/T). □ 


9. The Characteristic Map 

If r is a torus and t its character group, we let Sym(r) be the symmetric algebra of f over 
the field Q of rational numbers; if ,..., is a basis for the character group f, then 

Sym(f) = 

Associated to a principal T-bundle X ^ X/T is an algebra homomorphism c = CxjT' Sym(r) 
H*{X/T) called the characteristic map of X/T. 

Each character 7 c T gives rise to a complex line bundle L{X/T,y) =X XyC ^ X/T, as 
discussed in Section 0 Define c: t H^{X/T) by 

c{y) = the first Chem class c\ {L{X/T, 7 )) G H^{X/T). 

This map can be checked to be a homomorphism of abelian groups l[24l Section 1]. The 
extension of this group homomorphism to an algebra homomorphism c : Sym(7’) —> FI*{X/T) 
is the characteristic map of X/T. 

The associated line bundles satisfy the following functorial property. 

Lemma 8 . Let {h,h) be a T-equivariant bundle map from X ^ X/T to Y —>-F /T. For each 
character 7 ofT, the map h pulls the bundle L(Y/T, 7 ) back to L{X/T, y)-' 

h*LiY/T,y)^L{X/T,y). 


Proof An element of h*L{Y/T,y) is an ordered pair (xT, [y, v']?-) such that yT = h{xT) = 
h{x)T. Hence, y = h{x)t for some f G T and 

[y,v']r = [h{x)t,v]T = [h{x),tv'] = [h{x),v]T, 

where we set v = tv' = y{t)V. 

The map 0 : h*L{Y/T, y)^L{X/T, 7 ), 

{xtMMM) ^ [uv], 

is a well-defined bundle map and has an obvious inverse. □ 
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It follows from this lemma that the characteristie map also satisfies a functorial property. 
Lemma 9, Under the hypotheses above, the diagram 

Sym(7’) 

CYjT 

(9.1) 

H*{XlT)^ -- H*{Y/T) 

is commutative. 

Proof. For 7 G T, 

h*{cyiT{Y))=h*{c,{L{Y/T,Y)))=c,(^h\L{Y/T,Y)))=c,[L{X/T,y))=cxiT{y)- 

Since h* o cy/r and cx/t are both algebra homomorphisms and Sym(7’) is generated by ele¬ 
ments of f, the lemma follows. □ 

Suppose a compact Lie group G with maximal torus T acts on the right on two spaces X 
and Y in such a way that X ^ XjG and Y —F/G are principal G-bundles. Then X ^ XjT 
and Y ^Y/T are principal T-bundles, and the Weyl group W = Ng(T)/T acts on t, X/T, 
and F/r, thus inducing actions on SymT, H*{X/T), and H*{Y/T). By flM Cor. 2], the 
characteristic maps cx /t and cyjj are W -homomorphisms. If ^: X —)■ F is a G-equivariant map, 
h: X/T ^Y/T is the induced map, and r^^ and are right actions of w G VF on X/T and Y/T 
respectively, then /i o o /j, so the induced map h* : H*{Y/T) ^ H*{X/T) in cohomology 

is also a VF-homomorphism. Thus, all three maps in the commutative diagram (19.11) are IF- 
homomorphisms. 

Lemma 10. Suppose a group G containing a subgroup T acts on the right on two spaces X and 
Y, and h: X ^Y is a G-equivariant map. Ifh: X/G ^Y/G is the induced map of quotients, 
then the pullback by h commutes with the quotient by T: 

{h*Y)/T = h*{Y/T). 

Proof. By inserting quotients by T in the pullback diagram, we have a commutative diagram 

h*Y -^F 

{h*Y)/T - ^Y/T 

X/G — -^Y/G. 

By the definition of pullback, 

hi/Y = {{xG,y) G X/G x F | h{x)G = yG}. 

Hence, 

{h*Y)/T = {{xG,y)T = {xG,yT) G X/G x Y/T \ h{x)G=yG}. 
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On the other hand, 

h*{Y/T) = {{xG,yT) £X/G x Y/T \ h{x)G=yG}. 


Thus, 


{h*Y)/T = h* (Y/T). 


□ 


Now let G be a compact Lie group with maximal torus T and X X/G a principal G- 
bundle. Let h: X /G —)• BG be the classifying map of X X /G, so that there is a commutative 
diagram 

X —^EG 


XjG—^BG 

with X ~ If {EG). Let h \ X/T —)• {EG)/T be the map of quotients induced from h. By 
Lemma [TOl and (17.11) . 

x/r~ (^*£G)/r = ^*(£G/r) =^*(Br) ~r((G/r)G). 

We therefore have the commutative diagram 

X/T {EG)/T = BT ~ {G/T)g 

f 

X/G - ^BG. 


In Theorem |7J let b{u) be the characteristic class Cejij{y) = ci(5'^) € H*{BT) for some 
7 € Sym(7’). By Lemma|9j in which we take Y = EG = ET, 

h*CET/T{Y) =Cx/t{Y)- 

Because h* and cx/t commute with the action of the Weyl group. Theorem |7]becomes 

/t{y) _ ' (^X/t{Y) 


f*f*<^X/T{Y) — 


X\aeA+ h* c et 
cx/r • y) 


naGA+Cx/rC®) 


Cx/7’(na€A+ Of) 

which agrees with Brion’s pushforward formula for a complete flag bundle IH Prop. 1.1], with 
the difference that our formula is in the differentiable category with G a compact connected 
Lie group, while Brion’s formula is in the algebraic category with G a reductive connected 
algebraic group. 


10. Partial Flag Bundles 

Keeping the notations of the preceding two sections, let H be a. closed subgroup of the 
compact connected Lie group G containing the maximal torus T. The map / : X///—)-X/Gisa 
fiber bundle with fiber G/EI and structure group G, with G acting on G/// by left multiplication. 
Since G/EI has cohomology only in even degrees lf2^ Th. 6], it is equivariantly formal, so 
Theorem [5] suffices to describe the Gysin map of /. 
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Denote by Wh and Wc the Weyl groups ofTinH and in G respectively. By Lemma[I]there 
is a bundle map {h,h) from the fiber bundle /: X /H -^X/Gto the fiber bundle n : {G/H)q 
BG. The cohomology of {G/H)g = {EG) XgG/H = EG/H = BH is 

H^{G/H) = H*{BH) = H*{BT)'^^ = Q[mi ,. •., , 

fhe ring of W?/-invariant real polynomials in ui,... ,Ui (see (14.21) 1. Choose a set A+(//) of 
positive roots of H and a set A+ of positive roots of G containing A+(//). 


Theorem 11. Eor b{u) € H*{BH), the pushforward of the equivariant fiber class h*b{u) € 
H*{X/H) under f is given by 


ff,h*b{u)=h* £ w 


b{u) 


na6A+-A+(//) <-1 (*^0:) 


Proof. By ll24l Prop. 14, Th. ll(ii), Th. 19] we have the following facts concerning the equi¬ 
variant cohomology of G///: 

(i) The fixed point set of the action of T on G/EI by left multiplication is 

Wg/Wh=Ng{T)/Nh{T) =NG{T)/{NG{T)r\H) C G/H. 

(ii) The T -equivariant cohomology of G/// is 

//^(G///) = ((Q[mi ® Q[yi,... /a, 

where S is the ideal generated by p{y) — p{u) as p ranges over all Wo-homogeneous 
polynomials of positive degree in £ variables. 

(iii) (Restriction formula for G/EI) If : {w} ^ G/H is the inclusion map of a fixed point 
w G Wg/We, then the restriction homomorphism 

C: H*j{G/H)^Ht{{w}) c^H*{BT) 

in equivariant cohomology is given by 

il,Ui = Ui, ilf{y) = wf{u) 

for any VT//-invariant polynomial f{y) € Q[yi, • • • 

(iv) (Euler class formula) The equivariant Euler class of the normal bundle at a fixed 
point w € Wg/Wh is 



By plugging these facts into Theorem |5l the theorem follows as in the proof of Theorem |7] 


11. Other Pushforward Eormulas 

In this section we show that the Borel-Hirzebruch formula 121 may be derived in the same 
manner as Theorem|5]and that the formulas of Eulton-Pragacz lfT4l for a complete flag bundle 
and Pragacz ll2^ for a Grassmann bundle are consequences of Theorem |5] 
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11.1. The Borel-Hirzebruch Formula. As before, G is a compact connected Lie group with 
maximal torus T. Let EG BG and ET BT be the universal principal G-bundle and T- 
bundle respectively. Since BT = {ET)/T = {EG)/T andBG= (£'G)/G, the natural projection 
71: BT —> BG is a fiber bundle with fiber G/T. From Theorem [5] we will deduce a formula of 
Borel and Hirzebruch for the Gysin map of BT BG. Although the Borel-Hirzebruch formula 
concerns a fiber bundle with a homogeneous space G/T as fiber, it is not a special case of the 
formulas of Akyildiz-Carrell |J2| or Brion [ISj, because BT and BG are infinite-dimensional. It 
is, however, amenable to our method, because BT and BG are homotopy quotients of finite¬ 
dimensional manifolds by the group G. 

Let W be the Weyl group of T in G. Let oti ,..., a„, be a choice of positive roots for T in G, 
and write a, = ci(5'a,) € H^{BT) for their images under the characteristic map. 

Theorem 12 ([21, Th. 20.3, p. 316). Eorx € H*{BT), the pushforward under is 

TiiipX — 

Cl\ ' ' • Ujn 


Proof. If we represent BT as the homotopy quotient {G/T)q and BG as the homotopy quotient 
(pt)G, then there is a commutative diagram 


BT= {g/T)g^{G/T)t 



BG= (pt)G--(pt)r =BT. 


By the push-pull formula (||21 Prop. 8.3] or ifTOl Lem. 1.5]), this diagram induces a commutative 
diagram in cohomology 

H*{BT) >-^H^{G/T) 

^T* 

H*{BG)^ - ^H*{BT), 

where the horizontal maps are injections by the discussion of SectionlH For w GW C G/T, let 
iw ■ {w} G/T he the inclusion map and i’l: H^{G/T) —> ({w}) = H*{BT) the restriction 
map in equivariant cohomology. For x = b{u) € H*{BT), recall that j*b{u) = b{y) and i^bij) = 
w ■ b(u). As in the proof of Theorem^ by applying the equivariant localization theorem to the 
r-manifold G/T, we obtain 


n^x = K^b{u) = K^J*b{u) = K^^biy) = ^ 


wew ' 


’(Vm 




wE-W VnaGA+ ^1 i^a) 


iwGw(-ir>v •(.(«) _ w(-irw-x 


naeA+Cl(‘^a) 


naGA+ 


□ 
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11.2. The Associated Complete Flag Bundle. Suppose V —> M is a C“ complex vector bun¬ 
dle of rank n. Let /: ViiV) —)• M be the associated bundle of complete flags in the fibers of 
V. It is a fiber bundle with fiber G/T, where G is the unitary group U(n) and T is the maximal 
torus 


T = 



h 




f;GU(l) > 


= U(1) X ••• xU(l) = U(1)”. 


The Weyl group of T in U(?i) is S„, the symmetric group on n letters lO Th. IV.3.2, p. 170]. 

Consider the basis Xi:--- iXn for the characters of T, where Xi{t) = U- A simple calculation 
of tAt^^, where t G T and A = [aij] is an n x n matrix, shows that the roots of U(n) are XiXj^^ 
i 7 ^ j, or in the additive notation of this paper, Xi — Xj- (The root Xi — Xj is the function: T 
U(l) given by = Xi{t)Xj{^)^^ = These are the global roots, not the infinitesimal 

roots, of a Lie group (91 Def. V.L3, p. 185]. A choice of positive roots for U(n) is 


A+ = {Xi-Xj\^<i<j < n}. 

Recall from (17.11) that {G/T)g = BT. By LemmaQ] there are bundle maps h and h, 

F£(1/) —(G/r)G =BT 

M - ^BG, 


and correspondingly, ring homomorphisms in cohomology 

H*{Fi{V)) ^H*{BT)c:^Q[uu...,u„] 

r" 

h* 


By (14.21 ). the vertical map on the right is an injection. By Theorem |3j the elements a, := 
h*{ui) € H^iyFliyT) generate H*{¥i{y7) as an algebra over H*{M). 

We will now deduce from Theorem |7] a formula for the pushforward map /*. 


Proposition 13. For the associated completefiag bundle f: Fi{y) —>M, ifb{u) G H*{BT) = 
Q[mi, ... ,ui], then 


f*f^b{a) = £ w • 


b{a) 


n,<7 («;-«;•) 


where w ■ b(ai,. ..,an) = 


Proof. Since h *: H*{BT) —)■//*( F^(L)) is a ring homomorphism, for G H*{BT) = Q[mi, . 
b{a) = b{au-..,a„)=b{h*uu...,h*un) = h*b{ui,...,un) = h*b{u) eH*{Fe{V)). 
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By Theorem |7J 


rub{a)=rfXb{u) 



naGA+ ^1 (“^a) / 


Since h* commutes with w (p. [T3]) . 

h*{w ■ b{u)) = w ■ (h*b{u)) = w ■ b{a). 

If a G A +, then a = Xi — Xj for some 1 < / < j <n, so that 

b*ci{Sa) = b*ci{S^.-^j) =h*{ui-Uj) =ai-aj. 


Hence, 


rm^) 



which agrees with iflTl Section 4.1, p. 41]. □ 

11.3. The Associated Grassmann Bundle. For a complex vector bundle V ^ M of rank n, 
the associated Grassmann bundle /: G{k,V) ^ M of k-planes in the fibers of F is a fiber bundle 
with fiber the Grassmannian G{k,n) =G/H, where 

G = \J{n) and H = \J{k) x\J{n-k). 

A maximal torus contained in // is T = U(l)”. The Weyl groups of T in G and H are 

Wg = S, and WH=SkxSn^k. 

If we let Xi ^nd A+ be as in Subsection ll 1.21 a choice of positive roots for T in the subgroup 
His 


By (021), 


^^iH) = {Xi-Xj I 1 <i< j <k}G{Xi-Xj \k+f<i<j<n}. 


where Ui = c\ (%.). 

Over G{k,V) there are a tautological subbundle S and a tautological quotient bundle Q, with 
total Chem classes 


k 

c(S) = 1 +ci(5') H- \-Ck{S) = ]~[(1 +ai), 

!=1 

n 

c{Q.) = f + c\{Q)-\ - \-Cn-k{Q)= (1+a;). 

i=k+l 


The a, for 1 < / < k are called the Chern roots of S, and the a, for k +1 <i<n the Chern roots 
of Q (see lH §21, The Splitting Principle]). These a, are not cohomology classes on G{k,V), 
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but are classes on the complete flag bundle F£(y), each of degree 2. The cohomology ring of 
G{k,V) is 


( 2 )> • • -.Cn-kiQ)] 

" =-{c(»Me)-/v(v))- 


H*{M) 

(n(l “ (1 +^1 “I- \~^n)) 


where e, is the /-th Chern class Ci{f*V). 

Proposition 14 (1231, Lemma 2.5). For the associated Grassmann bundle f: G{k,V) M, if 
b{a) = b{a \,... ,an) G Q[ai,... then its pushforward under /* is given by 



Proof. For p € M, denote the fiber of the vector bundle V over p by Vp and let F^(y) —^ 
G{k,V) be the natural map that sends a complete flag Ai C • • • C A„ = Vp where dime A,- = i 
to the partial flag Aj- C Vp. Let G = U(n), H = U(/:) x U(?i — k), and T = U(l)". This map 
F^(V) G{k,V) is a fiber bundle with fiber ///T and group G. If P is the bundle of all unitary 
frames of the vector bundle V, then P is a principal G-bundle, and F£(V) = P Xq (G/T) and 
G{k,V) = P Xg{G/H) are the associated fiber bundles with fiber G/T and G/FI respectively. 

Recall that {G/H)g = EG Xg (G/H) ~ BH. As in LemmalU the classifying map h: M ^ 
BG of the principal bundle P ^ M induces a commutative diagram of bundle maps 


F£(V)— ^-^{G/T)g -BT 


G{k,V)^{G/H)G ~BH 


f 


M 


h 


and correspondingly, a diagram of ring homomorphisms in cohomology 


H*{n{v)) ^^h*{bt)c^(Q[uu...M 


u 


H* {G{k,V)) H*{BH) ~ Q[mi ,..., 


r 


u 


H*{M) H*{BG) ~ Q[ni,... 

h 


As in Subsection 1 11.21 the Chem roots a,- are precisely h*{ui). 
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By Theorem [TTl 


rf,b{a)=rfXb{u) 



□ 


12. Symmetrizing Operators 


Interpolation theory is concerned with questions such as how to find a polynomial on R” 
with given values at finitely many given points. In interpolation theory there are symmetrizing 
operators that take a polynomial with certain symmetries to another polynomial with a larger 
set of symmetries. For example, the Lagrange-Sylvester symmetrizer takes a polynomial sym¬ 
metric in two sets of variables xi,... ,Xk and Xk+i ,---,x„ separately to a polynomial symmetric 
in all the variables xi,...,x„. A curious byproduct of our Theorem [5] is that it provides a 
geometric interpretation and consequently a generalization of some symmetrizing operators in 
interpolation theory |(20ll . 

Let X„ = (xi,... ,x„) be a sequence of variables and = Z[xi,... ,x„] the polynomial 
ring over Z generated by xi,...,x„. The Lagrange-Sylvester symmetrizer is the operator 
A: > Z[Xn]^" taking b{x) G to 



The Jacobi symmetrizer is the operator d : Z[Z„] —>■ Z[A„]‘^'' taking b{x) G Z[A„] to 



Let G be a compact Lie group of rank n and H a closed subgroup containing a maximal 
torus T of G. Let Wh and Wg be the Weyl groups of T in H and in G respectively. Theorem |5] 
suggests that to every compact Lie group G and closed subgroup H of maximal rank, one can 
associate a symmetrizing operator on the polynomial ring Z[A„]'^" as follows. 

The map n: G/// —> pt induces a pushforward map in G-equivariant cohomology. 


n,:H*c{G/H)^H*c{pt). 

Now the G-equivariant cohomology with integer coefficients of G/// is 

H*c{G/H) = H*{BH) = 'L[Xnf‘^ 


and the G-equivariant cohomology with integer coefficients of a point is 


H*c{vi)=H*{BG) = 'L[Xnf^. 


For the action of T on G/H, the fixed poinf sef is WgIWh- Lef A+(//) be a sef of posifive 
roofs of H, and A+ a sef of posifive roofs of G confaining A+(//). As in Secfion|7J c^t/t 
is fhe characferisfic map of BT = ET/T. The equivarianf Euler class of fhe normal bundle af 
fhe identify elemenf of G/H is naeA+-A+(//) C£t/7’(«) G H*{BT) ~ Z[X„] (see 1241 Th. 19]). 
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Following our computation for the Gysin maps of a complete flag bundle and a Grassmann 
bundle (but with integer instead of rational coefficients), we define the symmetrizing operator 

to be the operator taking b{x) G to 


nb{x) 


w^Wq/W fi 


b{x) 


naeA+-A+(//) Cet/t{(^) 


The Lagrange-Sylvester symmetrizer is the special case G = U(n), H = \J{k) x\J{n — k), and 
T = U(l)”, and the Jacobi symmetrizer is the special case G = U(n) and H = T = U(l)”. The 
meaning of the generalized symmetrizing operators awaits further investigation. 
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